
w-

N A S A  TECHNICAL NOTE 

BOUNDARY CORRECTIONS FOR A 
THREE-COIL CONDUCTIVITY/ VELOCITY 
PLASMA PROBE 

by Edwurd W. Vendell 

Ames Resemch Center 
Mofett  FieZd CuZ$ 

D-4538 

--. 

LOAN COPY: RETURN TO 
AFWL (WLIL-2) 

KIRTLAND AFB, N MEX 

< 

N A T I O N A L  A E R O N A U T I C S  A N D  SPACE A D M I N I S T R A T I O N  W A S H I N G T O N ,  D. C. A P R I L  1968 	

,I1 
I 



TECH LIBRARY KAFB, NM 

0333327 
NASA TN D-4538 

BOUNDARY CORRECTIONS FOR A THREE-COIL 

CONDUCTIVITY/VELOCITY PLASMA PROBE 

By Edward W. Vendell 

Ames  Research  Center 
Moffett Field,  Calif. 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

-

For sale by the Clearinghouse for Federal Scientific and Technical Information 
Springfield, Virginia 22151 - CFSTI price $3.00 

I - 




TABLE O F  CONTENTS 


Page 

S U M M A R Y . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 


INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 


SYMBOLS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  3 


A TKREE-COIL CONDUCTIVITY/VELOCITY PROBE . . . . . . . . . . . . . . . . 4 


F I E L D  EQUATIONS FOR A CYJJNDRICAL CONDUCTING FLUID . . . . . . . . . . . 10 

E l e c t r i c a l  C o n d u c t i v i t y  . . . . . . . . . . . . . . . . . . . . . . . . 10 

Product of  C o n d u c t i v i t y  and V e l o c i t y  o r  ou,, . . . . . . . . . . . . . 15 


A 	METHOD FOR COMPUTING CONDUCTIVITY AND VELOCITY P R O F I L E S  O F  

AXISYMMETRIC PLASMA JETS . . . . . . . . . . . . . . . . . . . . . . . 1-9 


CONCLUDINGREMARKS . . . . . . . . . . . . . . . . . . . . . . . . . . 1 26 


FUFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  28 


I 




BOUNDARY COF3ECTIONS FOR A TIIREE-COIL 

CONDUCTIVITY/VELOC ITY PLASMA PROBE* 

By Edward W .  Vendell 

Ames Research Center 

SUMMARY 

A three-coi l  plasma probe t h a t  measures both the  e l e c t r i c a l  conductivity 
and veloci ty  of laboratory plasmas having l o w  magnetic Reynolds numbers has 
been developed and t e s t ed  by Rossow and Posch. A s  a f i rs t  approximation, it 
w a s  assumed t h a t  the  plasma boundary w a s  far from and much l a rge r  than the  
probe. A t  the  suggestion of V .  J. Rossow, the present work w a s  undertaken t o  
extend the  previous theory by deriving fac tors  t h a t  correct f o r  the  presence 
of cy l indr ica l  boundaries. A s  a check on t h i s  numerical work, several  com­
puted values were compared with e l e c t r i c a l  conductivity measured i n  cylinders 
of ac id .  Since the  agreement was sa t i s fac tory ,  the  boundary correction fac­
t o r s  were used t o  reduce data  taken as the  probe w a s  swept through an argon 
plasma generated by a constricted-arc wind tunnel.  These resu l tan t  p ro f i l e s  
represent l oca l  conductivity and veloci ty  values f o r  a f r ee  plasma j e t  having 
a cylindricalboundary. It w a s  found t h a t  the  r a w  data  underestimates 
conductivity and overestimates veloci ty .  

INTRODUCTION 


The measurement of the  e l e c t r i c a l  conductivity and veloci ty  of high-
temperature laboratory plasmas has necessitated the modification of t r ad i ­
t i o n a l  immersible transducers.  Instruments, such a s  p i t o t  tubes and 
thermocouples, m u s t  be designed t o  withstand high heat-flux r a t e s  and t o  func­
t i o n  properly i n  an ionized environment without g rea t ly  perturbing the  medium. 
In the  past ,  several  external  measurement techniques have been developed t o  
determine electron and ion temperatures, pa r t i c l e  number dens i t ies ,  and the  
t o t a l  electron co l l i s ion  frequency. These properties have been used t o  infer  
values of t he  t ransport  coeff ic ients  by means of appropriate formulae. 

Measurements within the  plasma stream a re  desirable  fo r  checking the  
external  methods and f o r  obtaining, i f  possible,  l o c a l  values. Consequently, 
many conductivity instruments have been conceived (see, e.g. ,  refs. 1-16), a 
f e w  of which are immersible (see refs. 4, 5 ,  11, and 1 6 ) .  A similar s i tua t ion  
ex i s t s  fo r  veloci ty  measurement techniques (see,  e .g . ,  r e f s .  12, 14, and 

. - -

*This report  w a s  prepared while the author w a s  on leave-of-absence from 
Utah Sta te  University and w a s  submitted t o  Oklahoma Sta te  University i n  par­
t i a l  fulf i l lment  of t he  requirements fo r  t he  degree of Doctor of Philosophy 
i n  Mechanical Engineering, May 1967. 



16-20). 
 For a b r i e f  review and comparison of conductivity and ve loc i ty  
techniques, t he  reader is  referred t o  reference 21. 

The present work i s  based on a design by Rossow and Posch ( ref .  16) of 
an immersible three-coil  e l e c t r i c a l  conductivity/velocity probe t h a t  repre­
sents  a s igni f icant  improvement upon previous methods because it minimizes 
the  heat-flux s e n s i t i v i t y  ( r e f s .  4 and 3 )  and l a rge  flow-perturbation problems 
( ref .  4) of other designs and because data  taken with t h i s  instrument can be 
reduced t o  obtain l o c a l  values of conductivity and veloci ty .  Brief ly ,  t h i s  
device consis ts  of th ree  s m a l l  co i l s ,  one primary and two secondary. The 
a l te rna t ing  current i n  the  primary c o i l  creates  an osc i l l a t ing  magnetic 
dipole f i e l d .  The secondary c o i l s  a r e  located i n  s p a t i a l  posit ions such t h a t  
t he  voltage induced on one c o i l  i s  l i n e a r l y  r e l a t ed  t o  the  conductivity while 
t he  voltage on the  other c o i l  i s  l i n e a r l y  re la ted  t o  the  conductivity-
ve loc i ty  product. Thus the data  taken as the  probe sweeps across a diameter 
of a plasma j e t  may be used t o  determine both conductivity and veloci ty  
p ro f i l e s .  

In  the  theo re t i ca l  analysis  of most magnetofluidmechanic problems, t he  
magnetic Reynolds number, Rm = opUZ, indicates  the  r e l a t ive  magnitudes between 
the  impressed and induced magnetic f i e l d s .  In  t h i s  def in i t ion  cs i s  the  
e l e c t r i c a l  conductivity, p i s  the  magnetic permeability, U i s  the  speed, 
and 2 i s  some charac te r i s t ic  length.  I f  Rm i s  s m a l l ,  reference 22 shows 
t h a t  the  induced magnetic f i e l d  i s  a l so  s m a l l  compared t o  the  impressed f i e l d .  
Then the  analysis  can be g rea t ly  simplified by the  use of a power se r i e s  
expansion i n  Rm since only f i r s t -order  terms need be considered. This 
approach w a s  used i n  the  analysis  of Rossow and Posch because Rm is  small 
f o r  most plasmas generated by e l e c t r i c  arcs; t he  probe design of reference 16 
w a s  t e s t ed  i n  a constricted-arc wind tunnel where Rm ranged from lo-* t o  
10-I-. Therefore, t he  neglect of terms of order Rm2 w a s  reasonable and 
these terms w i l l  a l s o  be omitted i n  the  present analysis .  

The theory of Rossow and Posch a l so  assumed an unbounded plasma having 
uniform e l e c t r i c a l  conductivity and veloci ty .  The pr inc ipa l  purpose of t h i s  
paper i s  t o  present t heo re t i ca l  modifications which w i l l  remove these r e s t r i c ­
t i ons  f o r  t he  case of  a f r ee  plasma j e t  having a cy l indr ica l  boundary. 

Accordingly, modifications of  t he  unbounded f i e l d  theory tha t  a r e  neces­
sary whenever the  three-coi l  probe nears a plasma boundary a re  derived and 
computed numerically. I n i t i a l l y ,  the  conductivity cr and veloci ty  g a r e  
assumed t o  be constant inside the  j e t  of radius R and zero elsewhere. From 
t h i s  idealized model, t he  modifications a r e  derived and presented graphically 
i n  the  form of boundary correction f ac to r s ,  These theo re t i ca l  correction 
factors  a r e  compared with experimental r e s u l t s  obtained by immersing a three-
c o i l  probe i n  a deep p l a s t i c  cylinder f i l l e d  with an e lec t ro ly te .  

Then the  correction fac tors  a re  used t o  develop a method f o r  computing 
the  l o c a l  conductivity and veloci ty  of a plasma stream from data which varied 
continuously across a low-density argon plasma je t  generated by a constricted-
a rc  wind tunnel.  The method i s  then applied t o  a typ ica l  data  record and the  
resu l t ing  conductivity and ve loc i ty  p ro f i l e s  a r e  presented and discussed. 
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SYMBOLS 


E 
N 

e 

H­
I P  

J 

N 


"P 

nC 

nY 

P 

P 

R 

R, 

r 


rP 

rC 

rY 

S 

vector po ten t ia l  function 

magnetic induction vector 

primary dipole magnetic induction vector 

f i r s t -order  magnetic induction vectors 

conductivity ca l ibra t ion  constant 

ve loc i ty  ca l ibra t ion  constant 


e l e c t r i c  displacement vector 


e l e c t r i c  f i e l d  in t ens i ty  vector 


electron charge 


magnetic f i e l d  in t ens i ty  vector 


t o t a l  current ,  primary c o i l  


current densi ty  vector 


f i r s t -order  current densi ty  vectors 


number of tu rns ,  primary c o i l  


number of tu rns ,  C-coil 


number of tu rns ,  Y-coil 


subscript  re fe r r ing  t o  primary-coil parameters 


dimensionless r ad ia i  distance t o  locat ion of primary c o i l  (P = p/R) 

radius of  a cy l indr ica l  region 

magnetic Reynolds number 

distance i n  spherical  coordinates 

charac te r i s t ic  radius,  primary c o i l  

cha rac t e r i s t i c  radius,  C-coil 

cha rac t e r i s t i c  radius,  Y-coil 

dimensionless c o i l  spacing parameter (S = yC/R) 
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subscript refers to first-order fields caused by IS 

velocity vector 

axial velocity component 

dimensionless Cartesian coordinates 

Cartesian coordinates 

radial distance from primary coil to either secondary coil 

axial coordinate 

dielectric constant 

boundary correction factor for cr 

boundary correction factor for 
OUI I 

azimuthal coordinate 


magnetic permeability 


radial distance in cylindrical coordinates 


conductivity-coil parameters 


electrical conductivity 


conductivity velocity coil parameters 


signal induced on C-coil 


signal induced on C-coil in an infinite medium 


signal induced on Y-coil 


signal induced on Y-coil in an infinite medium 


stream function for current density vector 


frequency of impressed power 


first-order fields caused by oU11 


A THXEE-COIL CONDUCTIVITY/VELOCITY PROBE 


Rossow and Posch (ref. 16)have developed and tested an immersible, 

three-coil plasma probe that represents a significant improvement upon 
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previous techniques because it i s  capable of determining l o c a l  e l e c t r i c a l  
conductivity and ve loc i ty  values without g rea t ly  perturbing the  flow and 
because it can be used i n  such a manner t h a t  heat-flux s e n s i t i v i t y  i s  neglig­
i b l e .  Since the  present work i s  based on the  probe design of Rossow and 

16 w i l l  be reviewedPosch, selected material from reference 

Y 

r 

u + o  
U,I = 0 

kl 

Figure 1.-Per turba t ion  of �& caused by a 
conducting f l u i d  a t  ;est 

-UII 

O # O  


- uII 

u # o  

UA 


U 
Figure 2.- Perturbation of E& caused by a moving 

conducting f l u i d .  

i n  t h i s  sect ion.  

The basic  concepts o f  t he  instru­
ment are i l l u s t r a t e d  i n  f igures  1and 
2 which were prepared by superposition 
of the  probe onto f igures  2 and 3 of 
reference 16. Figure 1represents the  
pr inciple  by which conductivity i s  
measured. Three s m a l l  co i l s  labeled 
P fo r  primary, C fo r  conductivity, 
and Y f o r  velocity,  l i e  i n  the  same 
plane (x  = 0 )  and a r e  mounted on sup­
port  rods i n  such a way t h a t  the  axes 
of the C- and P-coils a r e  p a r a l l e l  t o  
the  z ax i s  while t he  ax is  of the  
Y-coil is  p a r a l l e l  t o  t he  y ax i s .  

In  the  absence of a conducting or  
a d i e l e c t r i c  medium, the pulsating 
current i n  the  primary c o i l  produces 
magnetic f lux  which &y be approxi­
mated by an osc i l l a t ing  idea l  magnetic 
dipole f i e l d .  The so l id  l i n e s  labeled 

EP 
indicate  the  shape of the  l i n e s  of 

force f o r  the  primary dipole f i e l d  a t  
an instant  i n  t i m e .  Under these c i r ­
cumstances, t he  primary f i e l d ,  having 
no a x i a l  component, produces no f lux  
linkage a t  e i the r  t he  C-coil o r  the  
Y-coil. However, i n  t he  presence of 
a conducting, quiescent medium, the  
primary magnetic f i e l d  induces cur­
ren ts  which, i n  tu rn ,  create  a per­
turbat ion magnetic f i e l d  designated 
bt. The dotted l i n e s  indicate  an 
instantaneous posi t ion of the  l i n e s  of 
force f o r  t he  resu l tan t  magnetic f i e l d  
which produces f l u x  linkage a t  the  
C-coil; however, the Y-coil remains 
free of f lux  linkage because of i t s  
or ien ta t  ion. 

Similarly, i n  f igure  2, the  
dotted l i n e s  indicate a par t icu lar  
instantaneous posi t ion of the  l i n e s  
of force f o r  the resu l tan t  magnetic 
f i e l d  which i s  the  sum of t he  primary 

5 




,wf i e l d  % and a perturbation f i e l d  b,ll caused by the  motion of a conducting 
f l u i d  across the  primary l i n e s  of force.  A s  t he  sketch shows, t he  resu l tan t  
f i e l d  produces f lux  l inkage a t  the  Y-coil while t he  C-coil f l u x  linkage i s  
zero f o r  such a disturbance. 

Since t h e  perturbation f luxes a t  the  two secondary c o i l s  are t i m e  depen­
dent,  Faraday's l a w  of induction implies t h a t  the  poten t ia l  output of t he  
C-coil w i l l  be proportional t o  the  magnitude of t he  z component of t he  f i e l d  
perturbation caused by the  conductivity 6, and the  poten t ia l  output of the  
Y-coil w i l l  be proportional t o  the  magnitude of t he  y component of t he  f i e ld  
perturbation caused by the  product of the conductivity u and ve loc i ty  u l  Ior  aU11. 

The theo re t i ca l  analysis  of Rossow and Posch begins w i t h  Maxwell's 
equations 

the  simplified Ohm's l a w  

t h e  conservation of charge equation f o r  a neut ra l  plasma 

and the  Coulomb o r  transverse-gage condition 

In  these equations i s  the e l e c t r i c  f i e l d  in t ens i ty  vector,  i s  the  mag­
ne t i c  induction vector,  2 i s  the  current densi ty  vector,  U i s  the  plasma 
veloci ty  vector ,  (5 i s  the  e l e c t r i c a l  conductivity, p i s  <he permeability, 
and 4 i s  a vector po ten t ia l  function such tha t  

To obtain a solut ion f o r  these equations, Rossow and Posch imposed the  
following r e s t r i c t ions :  

1. The flow f i e l d  i s  unbounded. 

2 .  The e l e c t r i c a l  conductivity and veloci ty  a re  taken t o  be constant 
over the  e n t i r e  flow f i e l d .  

6 




3. The only applied f i e l d  i s  Ep which i s  the  magnetic f i e l d  created 
by t h e  osc i l l a t ing  current in the primary co i l .  

4. Since the  magnitude of gp i s  l e s s  than lod2 gauss, the  assumption 
of sca la r  e l e c t r i c a l  conductivity i s  ju s t i f i ab le .  ( I n  the  presence of large 
applied f i e l d s ,  the  conductivity of a plasma assumes a t enso r i a l  form.) 

5 .  The small magnitude of Ep a l so  j u s t i f i e s  t he  representation of t he  
resu l tan t  magnetic f i e l d ,  By as a power se r i e s  expansion i n  the  magnetic 
Reynolds number, Rm. A s  msntioned previously, typ ica l  values of  Rm f o r  low 
densi ty  constricted-arc wind tunnels range from10-4 t o  10-1so t h a t  neglect­
ing terms of order %2 is  reasonable. (See ref. 22 f o r  d e t a i l s  on se r i e s  
expansions i n  the  magnetic Reynolds number.) 

6 .  Perturbations of t he  stream caused by the  presence of t he  probe a re  
neglected. 

7. In  equation (2)  t he  displacement current t e r m  i s  neglected. 
Omission of  t h i s  term i s  j u s t i f i e d  in  reference 21. 

A s  a zeroth-order approximation fo r  B y  Rossow and Posch used the  primary 
dipole f i e l d  B

T 
t h a t  would be produced by an idealized primary c o i l  i n  

f ree  space. The vector po ten t ia l  A f o r  such a f i e l d  i s  w e l l  known and
-P 

appears on page 237 of reference 23 as 

where i s  the  magnetic dipole moment of t he  idealized primary c o i l  located 
a t  (x,y,z) = (O,O,O), and r = (3+ i- z ~ ) ’ / ~ .Thus, equation (7)  yields  
the  solution 

B-p = o_ 4p 

Since �& i s  time dependent, equation (3)  requires  the  existence 
associated e l e c t r i c  f i e l d ,  denoted by subscript  t ,  such t h a t  

and t h i s  equation may be solved f o r  Et. 
Equation (4)  suggests t h a t  t h e  t o t a l  current may be considered the  sum 

of two components, t he  first of which i s  

and the  second i s  

7 

I 




b 

where U- = UI I -k ,  as in f igure 2 with the  un i t  vectors &, J ,  k- directed i n  

the  pos i t ive  x, y, z direct ions,  respect ively.  The first component, &-, i s  
caused by the  appl icat ion of an e l e c t r i c  f i e l d ,  Et.,  t o  a s ta t ionary  conducting 
f l u i d .  The second component, 211, arises from the motion Ull& of a conducting 
f l u i d  across l i n e s  of force,  EP . 

Rossow and Posch continued the  analysis  by using equation (2)  t o  solve 
f o r  the  f i r s t -order  perturbation f i e l d s  tt and kll t h a t  accompany Jt and 

JIl. Thus, the  resu l tan t  magnetic f i e l d ,  including f i r s t -order  terms only, i s  

g = gp f l3t + - 1 1  (13) 

This equation, together with equations (2), ( 3 ) ,  and (4),could be used t o  
solve fo r  currents and perturbation f i e l d s  of higher order in Ez,. However, 
as previously mentioned, the  terms of higher order may be neglected i n  the  
present case because % i s  small. 

For future  reference,  the  following solut ions a r e  l i s t e d  from 
reference 16: 

3 Y Z  & 3z2 
= -m cos w t  c y-+ ,j-

r5 
+ 

r 
3(7- 1)]

EP 3:z 

5 = -wm s i n  utV X 
N 

zt = -bum sin ut[;@) + i@)] 

r 7 

a 
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where Ip is the  peak current supplied a t  frequency w t o  the  np-turn 
primary c o i l  whose charac te r i s t ic  radius i s  r

P 
. 

Equations (14) through (20) ,  plus  Faraday's l a w  of induction, suggest 
t h a t  locat ions and or ientat ions of t he  C- and Y-coils may be selected so as 
t o  eliminate unwanted magnetic f lux linkage. Faraday's l a w  states t h a t  t he  
poten t ia l  Os induced on a secondary anywhere i n  the  flow f i e l d  may be 
approximated by 

where rs i s  the  cha rac t e r i s t i c  radius of t he  ns-turn secondary, g i s  the  
resu l tan t  f i e l d  evaluated a t  the  center of the  c o i l ,  and Pis i s  a uni t  vector 
p a r a l l e l  t o  the  ax i s  of t h e  co i l .  Thus, i f  t he  center of the  C-coil i s  
located at  (x,y,z) = (O,yC,yz/&) and i s  oriented so t h a t  & = 5 ,  equa­
t ions  (18) and (21) may be combined t o  obtain 

where r e fe r s  t o  an unbounded medium and t i s  time. Similarly,  i f  the  
center of the Y-coil i s  located a t  (x,y,z) = (O,-yz,O) so t h a t  Tiy = j, then 

Y 

the  poten t ia l  induced on the  y-coil  i n  an unbounded medium w i l l  be 

Q = -( nyry2) (nprp2) 
P 2 M  IpaU,, 

s i n  ut  
YCO BY; 

Thus, equation (22) indicates  t h a t  %w i s  l i n e a r l y  re la ted  t o  u and 
equation (23) displays the  l i n e a r  re la t ionship between Qko3 and aU11. 

Ei ther  one of  t he  two ca l ibra t ion  methods given i n  reference 16 may be 
used t o  present equations (22) and (23) i n  the  equivalent form 

and 

%W 


UUI I - cy 

where the  ca l ibra t ion  constants Cz and CY a re  functions of the various 

probe parameters as w e l l  as the  associated electronic  c i r cu i t ry .  It i s  con­
venient t o  compute CC and C y  so tha t  % and Cyw represent peak-to-peak 
values as determined from an oscilloscope data record. 

In  t h e  next sect ion equations (24) and (25) w i l l  be fur ther  modified by 
the  introduction of fac tors  t h a t  correct  f o r  the  presence of a cy l indr ica l  
boundary. 
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FIELD EQUATIONS FOR A CYLINDRICAL CONDUCTING FLUID 

A s  mentioned above, t he  theory of Rossow and Posch (16) decoupled the  
perturbation magnetic f i e l d s  by neglecting terms of order %2, assumed IS 

and UII  t o  be constant and uniform, and considered only an unbounded medium. 
This section presents modifications of the  previous theory by recognizing the  
presence of a cy l indr ica l  boundary of radius  R such t h a t  the  plasma occupies 
the  region 

s + f _ < R 2 ;  - a < z < a  

Also, the  posi t ion of the  probe w i l l  not be r e s t r i c t e d  t o  the  center of t he  
cy l indr ica l  region. Furthermore, fo r  t h i s  pa r t  of t he  analysis  it i s  assumed 
that  IS and Ull a r e  constant and uniform i n  the  region occupied by the  plasma 
and t h a t  these quant i t ies  vanish elsewhere. The present analysis  w i l l  a l s o  
ignore terms of order Rm2, the  displacement current ,  and r e l a t i v i s t i c  
e f f ec t s .  The only applied f i e l d  i s  BP, which i s  caused by the  osc i l l a t ing  
current i n  the  primary c o i l ,  and t h i s  f i e l d ,  being of the  order gauss, 
i s  so small t h a t  the  assumption of sca la r  e l e c t r i c a l  conductivity i s  ju s t i ­
f i ed .  Finally,  as above, perturbations of t he  stream caused by the presence 
of the  probe a re  neglected. 

E lec t r i ca l  Conductivity 

The analysis  begins with a consideration of the  basic equations which 
a re  ident ica l ,  except fo r  t he  boundary conditions,  t o  equations (1)through 
( 7 ) .  

Because IS and U,,  vanish outside the  cylinder,  the  two boundary con­
d i t i ons  on the current densi ty  vector a re  

2 = O_ whenever 5 + > R2 (26) 

YJ * PJI = 0 f o r  x2 + f = R2 (27) 

where the  uni t  vector ,  gI, i s  perpendicular t o  t he  cy l indr ica l  boundary. 

If equation (7)  i s  subst i tuted in to  equation (2), the  r e su l t  w i l l  be 

and i f  t h i s  expression i s  expanded so  tha t  equation (6)  may be applied,  the  
f i n a l  result w i l l  be 

10 




- -  

where it i s  understood t h a t  the  Laplacian operates on each rectangular com­
ponent of e .  Equation ( 2 9 )  represents a condensation of t he  three Maxwell 
equations. Therefore, t he  problem reduces t o  the  solut ion of equations (4)  
and (29) subject t o  t h e  boundary conditions given by equations (26) and (27). 

Equation (29) has a unique solution and it may be solved by finding a 
Green's function or by an equivalent technique, the  method of images ( see ,  
e .g . ,  ch. 2 ,  r e f .  2 4 ) .  The la t te r  method was chosen because it appears t o  be 
a simpler approach and it makes use of equations (14) through (20). 

It i s  a l so  convenient t o  use an analogy based on the  steady, t w o -
dimensional flow of an incompressible f l u i d  fo r  which there  e x i s t s  a poten t ia l  
function Y, ca l led  the  stream function, such t h a t  t h e  ve loc i ty  f i e l d  i s  
given by 

A n  important property of  the 
constant Y a r e  streamlines. 

This analogy may be used 
vector f i e l d  as 

with the convenient property 
of constant $. 

A 

=E 

Figure 3.- C o i l  and image system 
l o c a t  ions.  

Jtr 
where 

G t  

r2 

stream function i s  the  f a c t  t h a t  l i n e s  of 

t o  represent any two-dimensional current densi ty  

J = V x & $  

tha t  current paths or loops coincide with l i n e s  

Returning t o  the  method of images, con-
' s ider  the  geometry of f igure  3, where t h e  medium 
' i s  assumed t o  be unbounded, a t  r e s t ,  and of uni­
form and constant o .  If the r e a l  c o i l  i s  
located a t  (x,y,z) = (a,O,O), an image system 
of s t rength A a t  (x,y,z) = ( - a , O , O )  must be 
found such tha t  one of the induced current loops 
w i l l  coincide w i t h  the  dashed cylinder and 
thereby s a t i s f y  the  boundary condition given by 
equation (27) .  

The current,  ztr, induced by the r e a l  c o i l  
i s  given by equation (16) which, f o r  t he  
present case , becomes 

= owm s i n  wt 

= (x - a)2 + + z2 

11 




and m i s  defined by equation (20). Therefore, a r e a l  stream function for  
rEtr is  

-=. - ~ ~ [ ( xa )2  + y2 + z21 -1/2
3tr ( 3 3 )  

By t r ia l  and e r r o r ,  a stream function 

w a s  found f o r  t he  image system so t h a t  t he  r e su l t an t  stream function is  

-112 -112 
$t = -Gt{[(x - a)2  + y2 + z 2 ]  - A [ ( x  + a)2  + y2 + A 2 z 2 1  3 ( 3 5 )  

and the  t o t a l  induced current becomes iLt = 0 X kqt. This expression f o r  
0

q t
i s  pa r t i cu la r ly  useful  because the  surface defined by the  condition qt
happens t o  be the  cy l ind r i ca l  surface 

so  t h a t  the  current  loops corresponding t o  qt = 0 meet the  requirement 
specif ied by equation (27). 

Figure 4 i l l u s t r a t e s  the  locat ions of the 
r e a l  primary and secondary C-coils a f t e r  the y 
ax is  has been t rans la ted  a dis tance 
L = a(A2 + l ) / ( A 2  - l), t h a t  i s ,  t o  the  center 
of the  j e t .  Since L - a = p and 

I 
x R = 24/(m2- l), a and A may be solved as 

functions of R and p with the r e s u l t  t h a t  

Figure 4.- Pos i t ion  of c o i l s  ins ide  a = ( R ~- p2)/2p (37)
a c y l i n d r i c a l  region. 

A - R/p ( 3 8 )  

I f  these expressions a r e  subs t i tu ted  in to  equation (35) and i f  the y ax is  
i s  t rans la ted  a dis tance L, it follows t h a t  

+ y2 + z 2 )$ t  = -Gt[ (m2 -112 
- R ( p x  + R2 

2 
+ p2y2 + R2z2)-1’2] (39) 

Therefore, the  f i n a l  expression f o r  the resu l tan t  current densi ty  vector i s  

12 
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R d P X  + R2) X + P  
+ pSr2 + R z ) 3’2 (w2- ‘ [ ( ~ x + R ~ ~  + y2 + 2 2 )312 

Equation (2)  may now be used t o  obtain b_t from the r e l a t ion  

by use of equation (ll), of reference 23. That i s ,  the  perturbation f i e l d ,
bt, a t  any f i e l d  point (x’ ,y’ ,z ’ )  i n  the  cy l indr ica l  plasma i s  given a s  

+ z - z ’ ~ ) ’ ’ ~ .  Note tha t  t he  current densi tywhere r = (x - x’2 + n2 
vector J does not vanish outside the  cy l indr ica l  region as required by 
e q u a t i o n ” ~ ~ 6 ) .However, t h i s  requirement i s  s a t i s f i e d  by equation (42) 
because the l i m i t s  of integrat ion do not extend beyond the  cy l indr ica l  bound­
a ry  so tha t  t he  mathematical current loops outside the  cylinder cannot con­
t r i b u t e  t o  Et. Since the  ax i s  of the  C-coil i s  p a r a l l e l  t o  k ,  only the-
z component of bt will be used i n  Faraday’s l a w ,  equation (21 ) .  Since 
(x’ ,y’ ,z ’ )  = (-p,yz,yz/$?), t he  z component of  bt must be 

I ,  

11 
dx dy dz (43) 
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If the  var iables  x, y, z and parameters p, yc i n  the  last equation a re  
made dimensionless with respect t o  the  j e t  radius  R, 

P2Y(Y - S )  + P(X + P) (PX+ 1) 

- - 2 3 / 2 - 2
+ Y - S 2 + Z - D  ) (PX + 1 + P2Y2 + 

Y ( Y - S)+ (xi- P)2  
. . .. . . . . . . .. . . . . . . I}a dy dZ (44) 

Z - D( m 2 + Y T  2+ -7,3/ 2cm2 ~ y2 + z213/2 
L 

where X = x/R, Y = y/R, Z = Z / R ,  P = p/R, S = yx/R, and D = S/$ .  Substitu­
t i o n  of t h i s  expression in to  Faraday's l a w  y ie lds  

where Fx i s  used t o  denote the complicated integrand of the  preceding 
expression. In  order t o  eliminate the  probe and c o i l  charac te r i s t ics ,  
equation (45) i s  made dimensionless through d iv is ion  by equation (22) t o  
obtain the  desired correction fac tor  

For a given probe, the conductivity correction fac tor  % represents 
the  r a t i o  of the  C-coil s ignal  t h a t  would be induced i n  a f i n i t e  cy l indr ica l  
region having a constant conductivity t o  the  s igna l  t h a t  would be induced i n  
an i n f i n i t e  region having the  same constant conductivity. 

A s  might be ant ic ipated,  the  in tegra ls  of equation (46) cannot be evalu­
ated readi ly  i n  closed form. Although one integrat ion could be accomplished, 
it w a s  more convenient to evaluate the  in t eg ra l s  numerically ra ther  than deal  
with the  e l l i p t i c  in tegra ls  resu l t ing  from the  ana ly t ica l  integrat ion.  There­
fore ,  equation (46) w a s  computed using a numerical 10-point Gaussian-
quadrature program wri t ten in  Fortran I V  and executed on an IBM 7090/7094 
d i g i t a l  computer. (See r e f .  21 f o r  fur ther  d e t a i l s . )  The r e su l t s  of t he  com­
putation a re  presented in  f igure 5 which i s  a p lo t  of  Ox vs .  P = p/R for  
four p rac t i ca l  values of the  c o i l  spacing parameter S = yc/R; the dashed por­
t ions  represent reasonable extrapolations of t he  computed curves. Additional 
points were not computed because each calculat ion of % consumed about one-
half  hour of computer time. However, the  data  reduction method presented i n  



a subsequent sect ion shows tha t  satis­
factory r e s u l t s  can be achieved with 
the  curves of f igure  5 .  Values, 
rounded t o  two s igni f icant  f igures ,  a r e  
l i s t e d  f o r  convenience i n  t ab le  I. 

The basic  conductivity formula 
.. (eq.  (24) ) may now be modified t o8 

9w .5- account f o r  t he  presence of a cyl indri­
0 
w 

.4- c a l  boundary by introducing the  correc­
t i o n  fac tor  % with the  r e s u l t  t h a t  

-.3  

-. 2  
Q =  TCC (47) 

.I - oC(S,P) 
.. I 1 1 1 I 1 I I l \ \ i  where CC i s  a cal ibrat ion constant t o

0 _I .2 .3 .4 .5 .6 .7 .8 .9 1.0 
P = p / R  be determined by the  Eethods outlined 

i n  reference 16. The las t  expression 
Figure 5.- Conductivity cor rec t ion  f a c t o r .  i s  s t i l l  l imited t o  the  case of  con­

s t an t  e l e c t r i c a l  conductivity. 

TABU I.- CONDUCTIVITY CORFC3CTION FACTORS, % 

. . ._ 
1 

lo:20 

__ 

0.78 

-74

.60 .66 

.80 	 .44 

.18 

_ _  

Product of  Conductivity and Velocity or  oU11 

Another appl icat ion of the  method of images yields  a oUII stream 
function J'il such that 

- -912 2 3 1  2 
= c,,z([x+3p + y2 + z2] - R3[px+ R2 + p2y2 + R2z2] } (48) 

where GII = oUl,m cos u t ,  and the  y ax i s  has been t rans la ted  t o  the  center 
of the  stream as i n  f igure  4. Using the  stream function analogy explained 
above, one can derive the  following expression f o r  t he  current density vector: 



px+R p%2+
-[3R3p __72( ~ x + R ~ ~ +  R2z2) -5'2- 3(x + p)  (-'+ y2+ z2)  -5 '2]J}  

As was the case with bt, b is related to Jl, by the triple integral- 1 1  

where r = (x - x'2 + y - yV2+ z - zI 2  ) 1'2. Because the axis of the Y-coil 
is parallel to the y axis, only the -j component of kll will contribute 
to the induced electromotive force. That component, evaluated at 
(x',y',z') = (-p,-yz,O) and made dimensionless with respect to R, is 

r 1 
P2 1 - .  _ _ _ _  ­1(PX + l2 + P2P + Z+" ( X + P  

7 

+ F + z )
2 5 4  dX dY dZ 


where Fy represents the integrand. 


Therefore, Faraday's law predicts that the potential Cy induced at the 
Y-coil will be 

and, if this expression is divided by equation ( 2 3 )  to eliminate probe and 
coil characteristics, 
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6 .- Correction f ac to r  f o r  
OUll . 

The correct ion fac tor  Oy defined by 
equation ( 5 3 )  i s  similar t o  the  con­
duc t iv i ty  correction f ac to r  @ 
because, f o r  a given probe, Oy rep­
resents  the  r a t i o  of the  Y-coil sig­
n a l  t h a t  would be induced i n  a f i n i t e  
cy l indr ica l  region having uniform 
values of (5 and U,, t o  the s igna l  
t h a t  would be induced i n  an i n f i n i t e  
region having the  same uniform values 
of (5 and U,,.For convenience, t h i s  
parameter w i l l  he reaf te r  be re fer red  
t o  as the ve loc i ty  correction f ac to r  
even though it appl ies  t o  the  product 

( 5 u I I  
A s  with a,the  integrat ions 

required by equation ( 5 3 )  were per­
formed numerically on a d i g i t a l  com­
puter using a program s i m i l a r  t o  t h a t  
used f o r  integrat ions in  equation (46). 
The r e s u l t s  a r e  presented i n  f igure  6 

and are  a l so  l i s t e d ,  t o  two s igni f icant  f igures ,  i n  t ab le  11. The curves of 
f igure  6 indicate  t h a t  i f  S < 0.10, then the deviation of Oy from uni ty  i s  
negl igible  except a t  t he  very-edge of t he  cy l indr ica l  stream. A s  ant ic ipated,  
the  conductivity correct ion f ac to r s  a r e  more important than the ve loc i ty  
correction fac tors .  

TABLE 11.- VELOCITY CORRFlCTION FACTORS, Oy 

P = p/R 

. . 

0 .oo T0.88 

.60 

* 70 
.80 
.90 

95 

0 
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Equation (25) may now be modified t o  include t h e  veloci ty  correction 
factor :  

than 10 percent except near the edge 
9 - where the  output of the  C-coil w a s  

I -
EP . A s  indicated by the data points 

Figure 7.- Comparison of t h e o r e t i c a l  curves with its maximwn setting;&thatsensitivity
experimental measurements i n  cyl inders  of i s ,  t he  induced s ignals  were a t  l e a s tac id .  

ten times smaller than any s ignals  
obtained inside the  cylinders.  Now, 

i n  a f r ee  plasma j e t  it i s  reasonable t o  assume t h a t  the  conductivity 
increases from zero a t  the  edge t o  a maximum t h a t  occurs a t  or near the  
center l i n e .  The result of the  experiment indicates  t ha t  when the  probe i s  
swept through the  j e t ,  t he  s ignal  induced on the  C-coil a t  a given r ad ia l  
posit ion,  say p = po, i s  not s ign i f icant ly  influenced by the  increased con­
duct iv i ty  i n  the  region 0 < p < po; consequently, % i s  primarily a function 
of the  variable conductivity in  the region po -< p -< R. “his observation i s  
of fundamental importance t o  the  data  reduction technique presented in the  
next section. 



A METHOD FOR COMPUTING CONDUCTIVITY AND VELOCITY PROFILES 
OF AXISYMMETRIC PLASMA JETS 

In  t h i s  sect ion a method f o r  computing conductivity and veloci ty  p ro f i l e s  
i s  presented and applied t o  data  taken by a three-coil  probe i n  a constricted-
a rc  wind tunnel. The method i s  based on the  premise t h a t  t he  continuously 
varying p ro f i l e  can be approximated by a number of s teps  as suggested in 
f igure 8. It i s  then assume;. t h a t  each l e v e l  can be t rea ted  as a cylinder of 

constant conductivity (or constant 
aU,,)by the  theory developed above. 
A s  noted a t  the  end of the  las t  sec­
t ion ,  t he  magnitudes of @x and @y 
a r e  negl igible  when the  probe is  out­
s ide  a cylinder of conducting f lu id .  
Hence, i f  the  analysis  of a given pro­
f i l e  i s  s t a r t ed  a t  the  outside bound­
a ry  of a je t ,  t he  calculat ions can 
proceed t o  the center i n  an exp l i c i t  
fashion s o  t h a t  a l l  parameters a re  
known as each s tep  is  made inward. A s  
i l l u s t r a t e d  i n  f igure  8, the  cyl indri­
c a l  plasma j e t  i s ,  as a f i r s t  approxi­
mation, subdivided in to  a f i n i t e  

@z,n 	
number, n, of concentric cy l indr ica l  
regions each having a d i f fe ren t ,  but 
constant conductivity. The upper par t  
of the sketch shows a cross-section of 
t he  je t  and the  lower par t  displays a 
typ ica l  %-trace together with the  
n - s t e p  approximation of the ac tua l  
continuously varying conductivity 

I I pro f i l e  . 
P A 1 . _ I  

P
PO'R PI P2 P 3  Pn-1 Pn'O ~ n - 1  P 3  p 2 p 1  P o ' R  When the probe i s  located a t  theRadius 

r a d i a l  posi t ion B = 0 ,  shown i n  
f igure 8, the two'data&points on the

Figure 8.- Measured p r o f i l e  subdivided t o  apply abscissa ax i s  of f igure  7 indicateboundary cor rec t ions .  
t h a t  the  influence of the  increased 
conductivity i n  the inner regions has 

a negl igible  e f f ec t  on the  value of Ox, 1. Therefore, %,= may be in te r ­
preted as the  s igna l  which r e s u l t s  from placing t h e  probe a t  a radius p1 i n  
a cy l indr ica l  region of radius po containing a f l u i d  of conductivity crl. 
The s ignal  QcY2results from placing the  probe simultaneously a t  a radius 
p = p2 i n  two cyl indr ica l  regions of r a d i i  po and p1 containing, respec­
t ive ly ,  f l u ids  of conductivity (51and (52 - (51. Similarly,  QcY3i s  caused 
by the  simultaneous immersion of the  probe a t  a radius p = p3 i n  three 
cy l indr ica l  regions of r a d i i  po, ply and p2 containing, respect ively,  
f l u ids  of conductivity 01, 02 - 01, and a3 - 02. The extension of t h i s  

I 




reasoning t o  QZyn i s  straightforward and the  results may be put i n t o  mathe­
matical form by t h e  following set of n l i n e a r  equations i n  n unknowns: 

In  these equations Cz represents the  conductivity ca l ibra t ion  constant, uo 
i s  ident ica l ly  zero, and the  argument of % i s  given, respectively,  i n  
terms of t he  parameters S = yz/R, and P = p/R. A f t e r  inser t ing  values f o r  

0~ from f igure 5 ,  these simultaneous equations may be solved f o r  ai, 
i = l , .. . , n .  

The same technique may be applied t o  obtain a aUll pro f i l e  and the  
equations t h a t  must be solved f o r  an n - s t e p  approximation a re :  
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where Cy i s  the  ve loc i ty  ca l ibra t ion  constant, [ O U , , ] ~  i s  ident ica l ly  zero, 
and the  values f o r  % a s  functions of S = yc/R and P = p/R a r e  given 
i n  f igure 6.  The solut ions of equations ( 3 3 )  and (56)may then be combined 
t o  obtain an n- s t e p  approximation of the  U I I  p ro f i l e  . A s  the  number of 
subdivisions i s  increased, subject t o  the  l imi ta t ions  t o  be discussed below, 
the  discontinuous s tep  p ro f i l e s  should approach the  ac tua l  continuously 
varying p ro f i l e s .  

The data  reduction technique may be divided in to  three  pa r t s  as follows: 

1. The edge of t he  je t  may be determined f romthe  C-coil output pro­
vided tha t  the  response time of t he  probe i s  known. The response time of a 
probe system may be determined from a consideration of  superimposed data  
taken during a two-way sweep through the plasma. s t r e a m .  Using t h i s  technique, 
Rossow and Posch reported a response time of 0.03 second. Figure 9 i s  a 
typ ica l  data  record obtained by Rossow and Posch w i t h  a three-coi l  probe 
(S = yc/R = 0.234) i n  a constricted-arc wind tunnel having an a rc  current 

Ia rc  = 200 A and the  conductivity data  (lower t r ace )  indicate  t h a t  t he  
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-Sweep direciion 

Figure 9.- Data record. 

extreme radius  of t h e  j e t  w a s  about 
9.5 cm. To assess the s e n s i t i v i t y  of  
t he  data  reduction method t o  the  mag­
nitude of t h e  j e t  radius, p ro f i l e s  
were computed f o r  th ree  r a d i i :  9.0 em, 
9.3 cm, and 10.0 cm; the  corrected 
center l i n e  values of d and UII fo r  
t h e  three  cases d id  not d i f f e r  by more 
than 10 percent. Therefore, by con­
trast with t h e  measurement technique 
of Donskoi, e t  al .  (ref. 7) , t he  
accuracy of t h i s  method is  not highly 
dependent on a precise  determination of 
t he  je t  radius.  

2 .  The n u l l  s igna l  should be added t o  t h e  % t r ace  and subtracted 
f romthe  Cy trace; reasons for t h i s  procedure a re  discussed below. Then, 
peak-to-peak values of % and Cy may be p lo t ted  VS. r a d i a l  posi t ion of the 
instrument; t he  r a d i a l  posi t ion should be adjusted t o  compensate fo r  t h e  
response time of t h e  system. A mean value f o r  the  9 curve i s  used, thereby 
eliminating the  l o c a l  s igna l  excursions caused by random s t r e a m  noise.  

3. The next s tep  i s  t o  subdivide the  cy l indr ica l  j e t  i n to  subregions as 
suggested by f igure  8 and t o  apply equations (55 )  and ( 5 6 )  t o  the % and @-Y 
data .  It i s  suggested t h a t  t h i s  s tep  be repeated several  t i m e s  i n  order t o  
tes t  i t s  accuracy; t h a t  i s ,  as a f i r s t  approximation, use three subregions t o  
obtain three-step d and U,, pro f i l e s .  Then, as a second approximation, use 
four subregions fo r  t he  computation. Additional approximations obtained by 
increasing the  number of subdivisions can be car r ied  out t o  increase the  
accuracy and de f in i t i on  of t he  curves. A l imi t a t ion  on the  maximum number of 
subdivisions i s  discussed below. 

The ve loc i ty  t r ace  of f igure  9 indicates  a minimum s igna l  a t  about 
2.8 cm from t h e  center of t he  oscilloscope screen. This phenomenon i s  due t o  

b,,, and % being 180° out of phase a s  indicated by equations (14) and (19).-
Outside the  stream QDy i s  nonzero because the  ac tua l  BP d i f f e r s  s l i g h t l y  
f romthe  theo re t i ca l  %. A s  t he  probe nears t he  edge of the  stream, the  
magnitude of b,,, increases and causes Cy, which i s  proportional t o  
5 -I-b,,,, t o  decrease because of the  180O-phase difference.  A s  the  probe sweep 
continues in to  the  j e t ,  the  magnitude of  b,,, dominates and % begins t o  
increase.  Therefore, when the  data  a r e  reduced, t he  Cy ordinates should be 
increased by the  value of the  n u l l  s ignal  while the  Q ordinates should be 
decreased by the value of the  n u l l  s igna l .  

If the  above data  reduction technique i s  applied t o  the Ox and (DY 
signals  of f igure  9, then the  result i s  given by f igure 10. The dashed 
curves i n  t h a t  f igure  represent prof i les  which were not corrected f o r  t he  
presence of a cy l indr ica l  boundary and a r e  based on the  appl icat ion of 
equations of the  form 
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t o  center-l ine values of and %. The uncorrected U,, pro f i l e  w a s  
obtained by dividing the  dashed ordinates of the  aUll pro f i l e  by the  dashed 
ordinates of the IS p r o f i l e .  A s  ant ic ipated,  t h e  conductivity correction 
fac tor  % had a grea te r  influence on the  reduction of data  than did the  
ve loc i ty  correction fac tor  %. In f a c t ,  the  example presented i n  f igure  10 

6x106
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1000r 

,Corrected 
four- step 
profile 

3 
0 

500 
2­

< 400 b 2 
Uncorrected_ ,:\

profile 

0 1 2 3 4 5 6 7 8 9 - 1 0  

Jet radius, cm Jet radius. cm Jet radius. cm 

Figure 10.- E l e c t r i c a l  conduct ivi ty  and ve loc i ty  p r o f i l e s ,  based on t h e  d a t a  of f igure  9, i n  a 
f r e e  argon plasma j e t .  

indicates  t h a t  t h e  corrections of the  aUI I  p ro f i l e  a r e  negligible.  However, 
because of the  conductivity corrections,  t he  corrected UII pro f i l e  may 
d i f f e r  considerably from t h e  uncorrected U,, pro f i l e .  

A s  mentioned above, the  choice of subregions i s  not completely a r b i t r a r y  
and it was found t h a t  t he  values of yc and R impose two important r e s t r i c ­
t i ons .  The first r e s t r i c t i o n  may be explained by the  curves of f igure 11. 
Consider a f l u i d  having a cy l indr ica l  boundary and, f o r  example, a constant 
conductivity of 888 mho/m. Suppose t h a t  an oscilloscope recording is  made of 

vs .  r a d i a l  posit ion,  p, f o r  t h i s  f l u id .  Then, i f  t he  correct  % values 
a re  subst i tuted into the  formula 

fo r  d i f f e ren t  values of p, the horizontal  curve marked IStrue w i l l  be the 
r e s u l t .  However, the  smallest screen divis ion f o r  many oscilloscopes i s  2 mm 
and, with the  presence of a s l i g h t  amount of noise, it i s  possible t o  err by 
as much as 1mm when reading the  oscilloscope data  record. Therefore, a 
typ ica l  scope s e n s i t i v i t y  s e t t i n g  of 0.05 mV/cm, a ca l ibra t ion  constant of 
3000 mho/m-mV from reference 16, and the  above equation were used t o  compute 



t h e  e r r o r  curves of f igure  11f o r  two 
+ I mm yZ/R= .3 d i f f e ren t  values of t h e  parameter

P yC/R. The f igure  shows t h a t  a reading 
e r ro r  of 1mm can cause a l a rge  e r ro r  
i n  0 when yc/R = 0.3 and p/R --> 0.80. 
However, t he  e r ro r  i s  more moderate 
when yC/R = 0 .lo. 

Thus, i f  yc/R i s  small, t he  
stream can be subdivided in to  several  
subregions without r isking the  intro­
duction of a la rge  oscil loscope read­

600 
ing e r ro r .  The 0 pro f i l e  of-
f igure  12 i l l u s t r a t e s  t h i s  pr inciple .  
The corrected 0 pro f i l e ,  using data  

-400 recorded with a probe such t h a t  
S = 0.085, w a s  computed on the  bas i s  of 

200 - b nine subregions whereas only four sub-
-I mm,yx/R = .3 regions were used f o r  the  p ro f i l e  of 

f igure 10 (S = 0.234) because it w a sL-p 
0 .I .2 .3 .4 .5 .6 .7 .8 .9 1.0 found t h a t  fur ther  subdivision intro-

P / R  duced la rge  uncertainty e r ro r s .  It i s  

Figure 11.-Uncertainty r e s u l t i n g  from reading 	
a l s o  in te res t ing ,  though not surpr is­
ing, t h a t  the  smaller the  value o ferror. 

600 ­

200 ­

100 ­

" I
0 I 2 3 4 5 6 7 8 9 1 0  

Jet radius. cm 

yz/R, the  smaller the  resu l t ing  
corrections.  

The other r e s t r i c t i o n  concerns 
the  choice of t he  radius,  pn-l of the  
innermost subregion. It i s  obvious 
t h a t  h-l must s a t i s f y  the  inequality 

h-l 2 yc. Experience indicates  t h a t  
should be chosen so t h a t  

pn-l 2 1.14 yc. This r e s t r i c t i o n  on 
the  value of P , - ~  places a lower l i m i t  
of approximately 0.10 on the  correc­
t i o n  fac tor  %. Smaller values of 
t h i s  fac tor  would magnify oscilloscope 
reading e r ro r s  by an intolerable  
amount. 

It i s  d i f f i c u l t  t o  estimate the 
overa l l  accuracy of the  preceding 
data-reduction technique. The uncer-

Figure 12 . - Conductivity p r o f i l e  i n  an argon t a in ty  resul t ing from the presence of 
plasma jet. random electromagnetic noise or 

oscilloscope reading er rors  has 
already been discussed. Another pos­
s i b l e  e r ro r  source i s  the  neglect of 
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axial var ia t ions i n  6 and UII.However, the  magnitude of such an e r ro r  i s  
probably small because the  magnitudes of the theore t ica l  current vectors,
gt and J , , ,  decrease rap id ly  i n  the  axial direct ion and because the  e f f ec t s  of 
the  higher upstream values of u and U,,may be canceled by the  lower down­
stream values.  I f  the plasma stream i s  steady and f a i r l y  f r e e  from random 
electromagnetic noise ,  t he  data  reduction technique presented i n  t h i s  section 
probably yields  center-l ine values d i f fe r ing  from the  true values by no more 
than 20 percent.  

if the  probe were considered t o  be-70 - immersed simultaneously a t  the  cen­
60- C- 258 

t e r  of th ree  cylinders of r a d i i  
\E 50­
0 1 12.3 cm, 9.77 em, and 5.95 em con­
-ij	40- 200 ta ining e lec t ro ly tes  of conductivity 

30- i 29, 20, and 25.8 mho/m, respectively. 
20 - Then equation (4-71,-

I O -

II I I I I I210 I l l P 6 - 1585 mho/m-mV 

Figure 13.- Conductivity measured i n  a c i d  could be used t o  compute the  contri­
solu t ions .  	 bution of t h e  currents induced i n  

each cylinder t o  the  t o t a l  probe 
output; f o r  t h e  instrument used in 

I 




t h i s  experiment, t he  conductivity ca l ibra t ion  constant w a s  1585 mho/m-mV. 
Using the  correction fac tors  given i n  f igure  5 and se t t i ng  yc = 2.22 cm, one 
may ca lcu la te  t h e  probe output as follows: 

-
-1585[29 x 0.805 + 20 x 0.753 + 25.8 x 0.6021 


= 0.0338 mv 

This theo re t i ca l  value agrees qui te  well with the  experimental value of 
0.034 mV. The off-axis experimental values of Ox f o r  the  case p # 0 could 
not be predicted by t h e  theory because the  two inner Plexiglas w a l l s  created 
ra ther  complicated boundary conditions. 

CONCLUDING REMARKS 

Tests i n  concentric cylinders f i l l e d  with acid solutions furnished rea­
sonable confirmation of t he  conductivity correction fac tors  t ha t  were used t o  
correct  t he  r a w  conductivity data  fo r  the  existence of a boundary and f o r  
cross-stream a var ia t ions .  Using aUII correction fac tors ,  the  method w a s  
extended t o  r a w  aU11 data  and the  corrected a and oU,, p rof i les  were used 
t o  compute a ve loc i ty  prof i le .  

Although these r e s u l t s  indicate t h a t  the  present design has the  advan­
tages of p r a c t i c a l i t y  and theore t ica l  j u s t i f i ca t ion ,  some addi t ional  develop­
ment i s  needed. Specif ical ly ,  the  following items should be investigated.  

\.- 1. A new probe t h a t  permits var ia t ion  of yc should be constructed and 
t e s t ed  f o r  several  values of 2p0/yc mder  iden t i ca l  plasma stream condi­
t i ons  and the  corrected data  from these tes ts  should be analyzed t o  determine 
the  significance of t h i s  parameter. It i s  believed tha t  t h i s  parameter i s  a 
measure of the  magnitude of mutual flow disturbance e f f ec t s  between adjacent 
support rods. 

2 .  An o s c i l l a t o r  having several  output frequencies should be used with 
the  probe t o  evaluate the  importance of t he  frequency, w, of the impressed 
power. 

3. Improvement of t he  response time of  t he  instrument system should be 
attempted. 

4. Other materials, such as precision quartz tubing, should be t e s t ed  
f o r  c o i l  support rods. 
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5 .  A su i tab le  experimental method fo r  determining the  uU,, ca l ibra t ion  
constant Cy should be devised. 

6. The use of t he  voltages % and (Dy t o  produce, by means of elec­
t ronic  division, a s igna l  t h a t  i s  l i n e a r l y  proportional t o  U,,.A n  a l t e rna te  
probe system (primary and two fore  and af t  secondary c o i l s  located on the  
z axis; a lso,  the  axis of each c o i l  a l ined with t h e  z axis) should be 
investigated because a s ingle  support rod containing three co i l s  would per­
turb  a plasma stream far less than a probe having three  separate c o i l  support 
rods. 


Ames Research Center 
National Aeronautics and Space Administration 

Moffett Field,  C a l i f . ,  94035, Nov. 14,  1967 
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